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Abstract

Principal Component Analysis (PCA) is a widely ac-
cepted dimensionality reduction technique that is opti-
mal in a MSE sense. PCA extracts ‘global’ variations
and is insensitive to ‘local’ variations in subpatterns.
Recently, we have proposed a novel approach, SubX-
PCA, which was more effective computationally than
PCA and also effective in computing principal com-
ponents with both global and local information across
subpatterns. In this paper, we show the near-optimality
of SubXPCA (in terms of summarization of variance) by
proving analytically that ‘SubXPCA approaches PCA
with increase in number of local principal components
of subpatterns.” This is demonstrated empirically upon
CMU Face Data.

1. Introduction

Principal Component Analysis (PCA) is concerned
with summarizing the variance-covariance structure
using a few linear combinations of the original set of
d variables (features) [5]. The classical PCA is an op-
timal linear dimensionality reduction scheme in terms
of mean squared error. However, classical PCA suf-
fers from large time complexity (O(N.d?), where N
is the number of training patterns, d generally tends to
become large in real problems) to compute the covari-
ance matrix. Many approaches such as neural network
based PCA methods [6], 2DPCA based methods [9] re-
duce computational complexity as compared to classi-
cal PCA method. However, these methods are based on
whole-patterns, which are suitable for global feature ex-
traction like classical PCA, and they may not perform
well if local variations are prominent [8]. It is known
that PCA performs global feature extraction that retains
information based upon covariances between every pair
of original features. However, global features are inef-
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fective when variations are confined to subpatterns, (i.e.
local variations). For example, in faces a smile is a lo-
cal variation confined to a sub region and is distributed
over several patterns.

Feature partitioning based PCA (FP-PCA) methods
such as SubPCA [1], Region-based PCA [7], Modular
PCA [4], EigenRegions [3], etc were proposed in the lit-
erature that perform well in capturing local variations.
These FP-PCA methods have reduced time complexity
due to processing of subpatterns. The difficulty with
FP-PCA methods is that they loose out global infor-
mation and show poor summarization of variance due
to lack of considering the cross subpattern covariances.
Therefore, we need to factor computational efficiency
with extraction of both local and global feature proper-
ties while computing PCs.

Recently, we proposed a novel FP-PCA method,
SubXPCA [8], which extracts both global and local fea-
ture variations. SubXPCA is computationally more effi-
cient as compared to PCA, and also effective in classifi-
cation accuracy. In this paper, our focus is to show ana-
lytically the closeness of SubXPCA to classical PCA in
terms of capturing variance and hence effectiveness of
dimensionality reduction. A comparison is also done
with a FP-PCA method, SubPCA, upon CMU Face
data. In the following, section 2 reviews SubXPCA, its
summarization of variance is studied in section 3. Ex-
perimental results are in section 4 and we conclude in
section 5.

2 The SubXPCA Method

Here we review SubXPCA [8] method briefly.

1. Partitioning step: Divide every d-dimensional
pattern, X;(i = 1,2,...,N) into k (> 2) equally-
sized subpatterns, {X}, X2 ... X¥}. Each subpattern

i
is of size u, where u HJ. For a given pattern,

k .
X, the jt* subpattern, X7, is given by (X7).x1
(2, Ti(141)y - -+ 5 l‘i(lJru,l))T, wherel = (j—1).u+1,
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1<j<k

2. Grouping step: We pick-up ;" subpattern cor-
responding to every pattern, X;; ¢ = 1,2,..., N, and
form j'* subpattern group, Pj, which is given by the
matrix, [P/]yy, = [X] X3 ... X3]T. Let (X7)yx1
be the mean of N subpatterns, (P7) .. Let (P},) be
the mean-subtracted version of (P7).

3. Local feature extraction step: For every subpat-
tern group, PJ, where j =1,2,... k, repeat the fol-
lowing steps (a)-(d): (a) Compute local covariance ma-
trix, (C7), - (b) Compute eigenvalues (AJ) and eigen-
vectors (eg;), where p = 1,2,...,u, of CJ. (c) Select
r (<L u) eigenvectors corresponding to the first r largest
eigenvalues obtained in the preceding step. Let [E7] be
the matrix of r eigenvectors selected in this step. (d) Ex-
tract 7 local PCs by projecting P9, onto E7 as follows.
Let R/ be the reduced data in this step and is given as
follows. [R]nxr = [P, N xu-[E Juxr

(X] - X9)T.BI (Y])T

R (X} - X9)T B ()"
Nxr = . = . )

(XY — X)) B (Y3)"

where Yf is the locally-reduced version of Xf - X,
the j*" mean-subtracted subpattern of X.
4. Combining locally-extracted features step:

(a) Form locally-reduced pattern, Y; by con-
catenating locally-reduced subpatterns, (Y?),x1,
Vi = 1,2,...,k, as shown by (Y;)grx1 =

[(YHT, (YT, L(YITT, (b) Perform
global feature extraction using cross subpattern co-
variances of Y {Y1,Ys,..., YN}, obtained in
the preceding step: (i) Compute global covariance
matrix, (C9).r)x k.- for the data Y. (ii) Compute
eigenvalues (\;) and eigenvectors (es) of CY9, where
s=1,2,..., (k.r). (iii) Select w (< k.r) eigenvectors
corresponding to first w largest eigenvalues obtained
in the preceding step. Let [E?] be the matrix of w
eigenvectors selected in this step. (iv) Extract w global
PCs by projecting Y onto E9. Let Z be the data
obtained after projection in this step and is given as
[Z)nxw = [Y)Nxkr[Ekrxw- We finally obtained
[Z] N xw Which is the reduced form of (X)ny«q and Z is
used for subsequent tasks such as classification.

3 A Theoretical Investigation on SubX-
PCA

It is known that, PCA is an optimal linear scheme
in terms of summarization of variance. In this section,
we study the summarization of variance of SubXPCA.
Here we use the notation of section 2.
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Lemma 1 (Yi)k.rxl = (V)ngd(Xl — X)d>< 1.
Here, Y; is the locally-reduced pattern of X;; X is
the mean of patterns, X; V is the combined matrix of
selected k.r local eigenvectors which is given by

((EI))UXT‘ (:(E?))ux'f Eoguxr

0 uxr 2 uXxr 0 uxr

(V)dxk.r = : . .
(0)uxr  (0)uxr (EF)uscr

Proof 1 The locally-reduced pattern, (Y ;)i.rx1 (Steps
3-4 of section 2) is obtained as follows.

(El)?xu(xi - }El)uxl
) (B?) (X7 = X?)usa
i)k.rx1l — .
. L
( )rxu'( i s >u><1
(El)uX’r’ (O)’LL)(T le - ¥1
(O)uxr (O)uxr XZ2 - X2
(0)uxr (EX)uscr Xk _ Xk
X! - X!
= (V)g.rxd'
k Yk
Xi—-X dx1

= (Yokrxt = (V)i pa- [ Xi = X]ax1.

Lemma 2 ded~V(:1de = Id = Vf{xd.ded. Here,
V is the combined matrix of all d local eigenvectors of

{P7}, j =1,2,...,k which is given by
(El)uXu (Oz)uxu (0)u><u
(0uxu  (E*)uxu (0)uxu
(V)axa = : : .
(0)uxu  (0)uxu (EF)uxu
Proof2 V4, 4. VL , =
(B usu- (B ixu (0)uxu
(O)UXU (O)uxu
(0)u><u (Ek)uxu‘(Ek)qu dxd
(IUXU) (O)UXW« (O)uxu
(0)uxu  (Tuxu) (0)uxu
= . . . (because
O O o () |,
(EN.(E))T =1, i.e. the orthonormality of eigenvec-
tors [5])

= Visa V0= Liusku = i
= ded-VZ;xd =1, (Step-1 of section 2, d = k.u)
Similarly we can prove Vgxd.ded = Iixq.

T
Lemma 3 (C9) xk.r Vi rwa-Caxd-Vaxk.r
Here, (C9)g.»xk.r IS the cross subpattern covariance



matrix of Y = {Y1,...,Yn}; V is the combined
matrix of selected (k.r) local eigenvectors as given in
Lemma 1 and C is the covariance matrix of X y x 4.

Proof 3 We compute the cross subpattern covariance
matrix, C9, of the locally-reduced patterns, Y as fol-
lows.

(Ckrxhr = 2+ et [(Y)krx1- (YT 1xkr]

= 3 DL V(X = X))(VE(X = X)) (from
Lemma 1)

~- XV "X
= V7% 30 (X
= CI = VT C.V.

- X)X = X)TV)]

~X).(X; - X)LV

Theorem 1 \;(SX) = \(P); Vi € {1,2,....,d}, if
r = u (or equivalently if k.r = d). In other words, Sub-
XPCA shows the same summarization of variance as
classical PCA method if the number of local eigenvec-
tors selected per subpattern is equal to the subpattern
size. Here, \;(SX )and \;(P) are the it" largest eigen-
values obtained by SubXPCA and PCA respectively.

Proof 1 It is given that k.r dorr u. It is
to be noted that all the matrices we use here (i.e.
G,A9,V,C,1I) are of size d x d. Let G and AY
represent eigenvector matrix and diagonal eigenvalue
matrix of C9 respectively. We express the eigenvalue
problem [5] of CY as C9.G = G.AY

= GT.(CY).G = A9 (because GT.G = G.GT =1)
= GT.(VT.C.V).G = AY (from Lemma 3)

= (GT.VT).C.(V.G) =

= (V.G)T.C.(V.G) = AY

= (V.G).(V.G)T.C.(V.G) = (V.G).AY

= C.(V.G) (V.G).AY9  [because
(V.G)T.(V.G) = GT. (VT V).G=GI.(I).G =1
and (V.G).(V.G&)T = V.(G.GT) VT = VIVT =

1. From Lemma 2, it is clear that VI.V = V.VT = 1]
Now the eigenvalue problem of C9 is reduced to
eigenvalue problem of C.

Therefore C has the same set of eigenvalues as C9.

Lemma 4 lim, ., [Vaxk.r-Vi, 4 I;. Here,
Vaxk.r is the combined matrix of k.r (< d) local col-
umn eigenvectors of all subpatterns as given in Lemma

1; 1 is the d x d Identity matrix.

Proof 4 Step 1: We study the orthonormal property of
(V)axk.r It is clear that VIV = 1., because the
eigenvectors are orthonormal. However, v.vT # 1y
because (V) qxj.» may not contain all d local eigen-
vectors (k.r < d) and the same is expressed as follows.
(V'VT)dxd =
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[ [E'.(EY)T] (0)uxu (0)usxu
(0)uxu  [E2(E*)]uxu (0)uxu
Qw0 B (BY)]
where [E7 (B ) | xu = o
[ Zz 1le Z1 65.1] 22:1[6£1-€g2] Z;ﬂ%yegﬂ]
e 1[652 enl  Diilelr el Pizileinely
L Z::l[egu'egl] ) Z::l[egu'egé] Z::l[ezuezu]
j€{1,...,k}; €, is the t'" loading of eigenvector €.
Step 2 (i) Consider the first-type expression of
E/.(ENT ie. (Z;Zl[e{q 1q]) q € {1,2,...,u} and
substitute v = w in the expression. o
After substituting v = u, we get (3, [e],.e],]); Vq €

{1,2,...,u}, which is equal to 1 (from orthonormal
property of eigenvectors [5]).

(ii) Next consider the second-type expression of
E).(E7)T (Cicilelgehl): a.l € {1,2,...,u},
q # land substltute r = uin the expresswn

After substituting v = u, we get (3, [e],. el ]); Vgl €
{1,2,...,u}, q # l, which is equal to 0 (from orthonor-
mal property of eigenvectors [5]). o
Thus, it is evident that the expression (3_;_,le],.e],])
moves closer to 1 as r increases. Similarly
(3i—1[e],-€})]) moves closer to 0 as  increases.

= ELENT -1, a5 —

Theorem 2 lim, ., 5" [\ (SX)] = S5 [M(P)].
In other words, the summarization of variance of ‘Sub-
XPCA'’ tends to the summarization of variance of ‘clas-
sical PCA’ as the number of local eigenvectors se-
lected per subpattern tends to the subpattern size. Here,
X\i(SX) and \;(P) are the i'" largest eigenvalues ob-
tained by SubXPCA and PCA methods respectively.

Proof 2 It is to be noted that r < u. Let (G)g.rxk.r
and (A9)g..xk.r represent eigenvector matrix and
diagonal eigenvalue matrix of Ci ., . respectively.
Eigenvalue problem of CY is expressed as follows [5].
(Cg)k.rxk.r'(G)k.er.r = (G)k.rxk.r'(Ag)k.rxk.r

= (G prxhor(CDirxir-Graxir = (A prxhr
(because GT.G = G.GT =1)

= (GD)krxrr- (V] 0-Caxa-Vaxk.r).G
(from Lemma 3, C9 = vT.cv)

= (GT.VT).C.(V.G) = (A k.rxk.r

= (V.G)T.C.(V.G) = (A rxk.r

= (V.G).(V.G)T.C.(V.G) = (V.G).(AY)k.rxckr
= [Vaxkr-VE i) - C-(Vaxkr-(G)rrxk.r)
(VMaxk.r-(G)rrxkr| (A9 krxk.r (because G
orthonormal)

It is to be noted that dek_r.V,:ngd % 14 (because
Vixk.r does not contain all d local eigenvectors),

(A9)

is
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120 120

A

Cumulative Variance (%)
3

100 100
. K‘ S

Cumulative Variance (%)
3
Cumulative Variance (%)
3

120 120

100 100

m

g
m ®
g &

»
&

Cumulative Variance (%)
IS
&

n
8
n
8

°
°

Number of Projection EigenVectors Number of Projection EigenVectors

o 50 100 150 200 250 o 50 100 150 200 250

o 50 100 150 200 250 0 50 100 150 200 250
Number of Projection EigenVectors

Number of Projection EigenVectors

(a) 120 local PCs (r=1). (b) 200 local PCs (r=5)

(c) 200 local PCs (r=10) (d) 200 local PCs (r=15)

Figure 1. Summarization of variance with varying no. of local PCs of CMU face data. Each image pattern is
divided into 120 subpatterns (blocks). In Fig. (a) we choose 120 (1 x 120 PCs) local PCs. PCA uses first 200
PCs. In Figs. (b)-(d), we choose initially 600 (5 x 120 PCs), 1200 (10 x 120 PCs), 1800 (15 x 120 PCs) local
PCs respectively. From the local PCs, we consider top 200 PCs. Note that SubXPCA ‘s variance moves closer
to PCA’s variance as the number of local PCs increases, where as SubPCA’s variance is lagging.

therefore the eigenvalue problem of C9 is not reduced
to the eigenvalue problem of C.

From Lemma 4, we know that V.VT tends to 15 as r
tends to u (or k.r tends to d).

= C.(V.G) = (V.G).A%asr — u (or k.r — d).

= As r tends to u, the eigenvalue problem of CY
approaches to the eigenvalue problem of C.

4 Experimental Results and Analysis

In this section, we demonstrate the properties of Sub-
XPCA proposed in the previous section through our ex-
perimentation on CMU face data set [2]. CMU face
data set [2] contains 624 face images (120 x 128) of 20
persons, We use 10 images per person generated ran-
domly (a total of 200 images) for computing principal
components.

From the Figs. 1(a)-1(d), it is clear that the summa-
rization of variance of SubXPCA method moves closer
to PCA method with increasing number of local princi-
pal components (r = 1,5,10,15;k = 120,u = 128).
The experiment using CMU face data set, demonstrates
the theoretical properties (Theorems 1-2) proposed in
the previous section. From the Figs. 1(a)-1(d), it is also
clear that FP-PCA methods such as SubPCA show poor
summarization of variance (i.e. lower dimensionality
reduction) as compared to PCA and SubXPCA meth-
ods. The proportion of variances summarized by Sub-
PCA and SubXPCA are computed with respect to the
summation of first 200 eigenvalues obtained by PCA.

5 Concluding Remarks

We proved that SubXPCA incrementally summa-
rizes the variance of classical PCA with increasing
number of local PCs. The two methods coincide when
the number of local PCs is equal to the subpattern size.
This method is unique since other FP-PCA methods are
incapable of approximating PCA’s variance to such an
extent. In a nutshell, SubXPCA method shows near-
optimal summarization of variance (i.e. close to PCA)
of the data by retaining the merits of FP-PCA methods.
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