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Abstract

Most of existing dimensionality reduction methods
obtain the low-dimensional embedding via preserving
a certain property of the data, such as locality, neigh-
borhood relationship. However, the intrinsic cluster
structure of data, which plays a key role in analyzing
and utilizing the data, has been ignored by the state-
of-the-art dimensionality reduction methods. Hence, in
this paper we propose a novel dimensionality reduction
method called Cluster Preserving Embedding(CPE), in
which the cluster structure of original data is preserved
via preserving the robust path-based similarity between
pairwise points. We present two different methods to
preserve this similarity. One is the Multidimensional
Scaling(MDS) way, which tries to preserve similarity
matrix accurately, the other one is a Laplacian-style
way, which preserves the topological partial order of
the similarity rather than similarity itself. Encouraging
experimental results on a toy data set and handwritten
digits from MNIST database demonstrate the effective-
ness of our Cluster Preserving Embedding method.

1. Introduction

Many applications in pattern recognition involve in
dealing with the high dimensional data, which will re-
sult in the so-called “curse of dimensionality”. Di-
mensionality Reduction(DR) is an effective and widely
used approach to deal with such high dimensional
data. Up to now, researchers have developed a va-
riety of dimensionality reduction methods(DRs) un-
der supervised, unsupervised and semi-supervised sce-
narios. The supervised DRs mainly include Linear
Discriminant Analysis(LDA)[4] and Maximum Mar-
gin Criterion(MMC)[6], while the unsupervised DRs
include Principal Component Analysis(PCA)[5], Mul-
tidimensional Scaling(MDS)[3],Isomap[8], Local Lin-
ear Embedding(LLE)[7] and Laplacian Eigenmap[1].
In this paper we only focus on unsupervised sce-
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nario, however, the proposed method can be easily and
straightforwardly extended to include the supervised in-
formation.

In methodology, the existing unsupervised ap-
proaches can be divided into two categories: global
and local. Global DRs mainly include PCA, MDS
and its variant Isomap, the embedding is obtained by
preserving a certain global property of the original
data. For example, the property that PCA preserves
is the global variance, metric MDS tries to preserve
distance(dissimilarity) between pairwise points and its
variant Isomap aims to preserve the geometric distance
on the intrinsic manifold. The local approaches try
to preserve a certain local property of the data, such
as locality, neighborhood relationship. Local methods
mainly include LLE, Laplacian Eigenmap and Local
Tangent Space Alignment(LTSA)[11].

In summary, although the aforementioned methods
have different motivations and concrete implementa-
tions, they all try to preserve a certain property of the
original data whether global or local. However, cluster
structure as a key property of data, which reflects the
intrinsic distribution of data and plays a crucial role in
further analyzing and utilizing the data[9], has been ig-
nored by the these approaches. Hence, in this paper we
propose a cluster preserving DR method called Cluster
Preserving Embedding(CPE).

In CPE, the cluster structure of the original high di-
mensional data is preserved via preserving the robust
path-based similarity, which is widely used in cluster-
ing algorithm[2, 10]. After obtaining the robust path-
based similarity matrix, two ways to compute the em-
bedding while preserving this similarity are presented.
One is to employ MDS which will try to preserve the
similarity matrix exactly. The other one is Laplacian-
style way, this method prefer to preserving topological
partial order of the similarity matrix. Finally, we con-
duct experiments on a toy data set and handwritten dig-
its from MNIST database to evaluate the performance
of our CPE method. Encouraging experimental results
have validated the effectiveness of our CPE method.
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2. Cluster Preserving Embedding

Let us begin with briefly reviewing the robust path-
based similarity proposed by Chang[2].

2.1. Robust Path-Based Similarity

Given n data points X = (x1,x2,...,2,) where
each column vector x; € RP represents a sample,
we can construct an undirected full connected graph
G = (X, W), where each vertex represents a sample
in X and the element w;; in matrix W is the weight
of edge between node z; and x;. w;; can reflect the
similarity between x; and x;. The original similarity
between points x; and x; can be assigned as follows:

(e A
wij = {exp(_W) A
0 =7
The scaling parameter o controls how fast w;; decreases
with the distance between x; and x;.

Since the original pairwise similarity w;; defined
above is only determined by the Euclidean distance in
the original high dimensional space, it can not reflect
the real geometric structure of the data, consequently it
can not reveal whether the two points belong to the same
cluster. To capture this information, Ref.[2] defines the
path-based similarity by exploiting the underlying man-
ifold structure of the whole data as described below.

Let P;; be the collection of all the paths between
points z; and x;. For each path p € P;;, the effective
similarity st ; 1s the minimum edge weight along path p,
then the path-based similarity s;; between x; and x; is
defined as the maximum effective similarity among all
the path in P;;, it can be formally expressed as:

2)

si; = max {

min - Wyklplk+1
e plklplk+11}

1<k<#p

where #p is the number of points that p goes through

and p[k] is the global index of the kth vertex in path p.
As pointed out in Ref.[2], the above defined path-

based similarity is sensitive to noise and outliers, hence

they introduce a weight «; for each point x; by robust

M-estimation as:
i — a2
)exp ( 552

where N (z;) denotes the neighborhood of x;. To fur-
ther make «; insensitive to parameter o, normalized
weights are computed as o = «; / maxi<;<p ;. Then
finally, the robust path-based similarity is computed as:

4)

3)

oy =

>

z; €N (x5

sij = max{ min Qi Wpikipih1l}

pEP;;
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2.2. Cluster Preserving Embedding

Now let us take a close look at the robust path-based
similarity matrix S = (s;;). A large s;; implies that
there exists a path between samples x; and x; that goes
through the high density region, then according to clus-
ter assumption in machine learning, points x; and x;
should be in the same cluster. On the contrary, small
s;; means that any path between x; and x; will pass
through the low density region, hence they should be
in different clusters. Therefore, the robust path-based
similarity s;; measures the likelihood that points x; and
x; belong to the same cluster. To preserve the cluster
structure of the original data, one should preserve the
robust path-based similarity matrix S.

There are two ways for us to preserve the similarity
matrix S. One is the classic MDS method, the other one
is Laplacian-style way.

Given a distance(dissimilarity) matrix between
n samples, classical metric multidimensional scal-
ing(MDS) can give a configuration of this n samples
in R? while preserving the distance matrix as accu-
rately as possible. Recall that in Isomap, the geomet-
ric distance matrix is preserved by MDS, hence we
can also employ MDS to preserve our similarity ma-
trix .S. First we should covert our similarity matrix S to
dissimilarity matrix S = (4;;). For the robust path-
based similarity matrix S obtained by Eq.(4), we set
sy = max;zk sjk(t = 1,2,...,n). Then we adopt
the following standard conversion to obtain the dissim-
ilarity matrix S = (8;;):

®)

Then it is easy for us to call classic metric MDS to
obtain the low dimensional embedding. We refer to
our cluster preserving embedding with MDS solution
as CPE-MDS.

The other way for us to preserve similarity between
pairwise points is the Laplacian-style way. In Laplacian
Eigenmapl[1], the locality of data set is preserved by the
following formula:

Sij = Sii — 28”‘ + 854

: 2
min  w;illy; — v 6
anin gy =y ©)
where y; is the low dimensional coordinates of x; and
w;; is the edge weight in the k-neighborhood graph on
data set X. One can use the Gaussian function to define

W as follows:

s exp(—%) z; € N(xj)orz; € N(x;)
Y 0 otherwise

In fact, the weight matrix W measures the locality
relationship of data set X and formula (6) will make
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Figure 1. 3D spiral data and results of Laplacian Eigenmap, CPE-Lap and CPE-MDS on it.
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Figure 2. Results of PCA, Laplacian Eigenmap, CPE-Lap and CPE-MDS on digit subset con-
taining “1” and “3”.

(b) results of Laplacian Eigenmap

data points x; and x; close to each other if w;; is large
but far from each other if w;; is small.

In our CPE method, large s;; implies points x; and
x; belong to the same cluster in original high dimen-
sional space, they should be close to each other in the
low dimensional space. While small s;; implies z;
and z; belong to the different clusters, they should be
far from each other. Then similar to Laplacian Eigen-
map, we can obtain the low dimensional embedding
Y = (y1,92,...,yn) while preserving the similarity
matrix .S via solving the following optimization prob-
lem:

(N

min sy — v

1<i,j<n
Through trivial computations, the above optimiza-
tion problem can be expressed as:

mintr(Y7LY) (8)

where L = D — S, D is diagonal matrix with d;; =
2?21 s;j. Toremove the freedom of Y, we additionally
require that YTDY = I, where I is the identity matrix.
Then the optimal Y are composed of the eigenvectors
corresponding to the first d-th small nonzero eigenval-
ues of the following generalized eigenvalue problem:

©)

Let v; denote the eigenvector corresponding to the
i-th small eigenvalue \; of the eigenvalue problem (9)

Ly = /\lA)gJ
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We refer to our CPE with solution obtained by this
method as CPE-Lap. Note that the local relationship
matrix W in Laplacian Eigenmap can be seen as a spe-
cial similarity matrix, therefore Laplacian Eigenmap
can be regarded as a special case of our CPE-Lap.

< Ap), then the optimal Y =

3. Experimental results

We first conduct experiments on a toy data set, which
contains 300 data points sampled from three 3D spi-
ral curves(100 points for each curve). So it naturally
forms 3 clusters in the 3-dimensional space. The orig-
inal data points are plotted in fig.1(a). We then per-
form Laplacian Eigenmap, CPE-Lap and CPE-MDS to
obtain the 2-dimensional embeddings of this data set,
which are shown in fig.1(b)(c)(d). From the results, one
can see that although Laplacian Eigenmap can preserve
the manifold structure well, the cluster structure are not
preserved so well as our CPE-Lap and CPE-MDS do.
Our CPE can obtain 3 clusters mutually far apart from
each other.

To further evaluate the performance of our CPE
method, we perform experiments on the real world data
set i.e., handwritten digits from the well-known MNIST
database'. Unlike the synthetic data, this data set is of
much higher dimensionality. Each image has been size

http://yann.lecun.com/exdb/mnist/
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Figure 3. Clustering accuracy of different
methods on different digits subsets.

normalized and centered to 28x28 gray-level images,
so the dimensionality of the digit space is 784. In our
experiments, we randomly select 200 images for each
digit to obtain their low dimensional embedding.

Fig.2 shows the 2 dimensional embeddings of digit
subset containing digits “1” and “3” obtained by PCA,
Laplacian Eigenmap, CPE-Lap and CPE-MDS?. It can
be seen that our method can preserve the cluster struc-
ture better than others.

We conduct more experiments on different digit sub-
sets under the same experimental settings. First the
low dimensional embeddings are obtained by different
methods, then the k-means clustering is performed on
the low dimensional embedding, finally Rand Index are
exploited to quantify the clustering accuracy. Since the
images are randomly selected, we repeat 20 times to
obtain the average clustering accuracy. Fig.3 shows the
accuracy of different methods on different subsets. The
accuracy of baseline is obtained by k-means cluster-
ing directly performed on the original 784-dimensional
space without any preprocessing. From the results, one
can see that k-means clustering can yield higher accu-
racy on the embedding obtained by our methods than
those on others, hence we can draw a conclusion that
our CPE can preserve the clustering structure well, the
low embedding obtained by our CPE is more suitable
for clustering.

4. Conclusion

Existing unsupervised dimensionality reduction
methods obtain the low representations of high dimen-
sional data points via preserving a certain property of

2For CPE-MDS, in the experiments, there is only one nonzero
eigenvector corresponding to the positive eigenvalue.
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the original data. However, clustering structure, which
is a key property of the data and plays a key role in uti-
lizing the data, has been ignored by state-of-the-art DR
methods. This paper proposes a novel dimensionality
reduction method called Clustering Preserving Embed-
ding(CPE), which obtains the embedding via preserving
the clustering structure. The encouraging experimen-
tal results on a toy data set and handwritten digits from
MNIST database demonstrate the effectiveness of the
proposed CPE method.
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