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Abstract—This paper addresses the problem of how to
extract, describe, and evaluate handwriting deformation from
the deterministic viewpoint for improving recognition accuracy.
The key ideas are threefold. The first is to extract handwriting
deformation vector field (DVF) between a pair of input and
target images by 2D warping. The second is to hierarchically
decompose the DVF by a parametric deformation model of
global/local affine transformation, where local affine trans-
formation is iteratively applied to the DVF by decreasing
window sizes. The third is to accept only low-order deformation
components as natural, within-class handwriting deformation.
Experiments using the handwritten numeral database IPTP
CDROM1B show that correlation-based matching absorbing
components of global affine transformation and local affine
transformation up to the 3rd order achieved a higher recog-
nition rate of 92.1% than that of 87.0% obtained by original
2D warping.

Keywords-handwriting deformation vector field; 2D warping;
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I. INTRODUCTION

To accomplish the aim of most accurate handwriting
recognition we will adopt statistical or probabilistic pattern
recognition techniques, including sophisticated discriminant
functions, neural networks, and support vector machines or
kernel methods [1], [2]. However, we can say that the prob-
lem of what is handwriting deformation remains unsolved
in the sense that the statistical description of handwriting
deformation in a high-dimensional feature space cannot
deepen our real understanding of handwriting deformation.

From this viewpoint, 2D image elastic matching based on
deformation models have been proposed [3]. The tangent
distance [4] and global affine transformation (GAT) corre-
lation method [5] tried to extract handwriting deformation
by means of parametric linear transformation, but, could not
deal with nonlinear distortion. On the other hand, 2D warp-
ing methods via dynamic programming (DP) [6] realized
pointwise correspondence between input and target images
using nonparametric, rather loose matching constraints, but,
suffered from excessive, unnatural matching.

This paper proposes a new, promising technique to extract,
describe, and evaluate linear/nonlinear handwriting defor-

mation in a deterministic, parametric manner to improve
recognition accuracy. The key ideas are threefold; generation
of handwriting deformation vector field (DVF) using a 2D
warping technique between a pair of input and target images,
hierarchical decomposition of the DVF by a parametric
deformation model of global/local affine transformation, and
acceptance of only low-order deformation components as
natural, within-class handwriting deformation. Experimen-
tal results using the handwritten numeral database IPTP
CDROM1B show that the proposed method substantially
improves recognition accuracy by discriminating natural
handwriting deformation from unnatural one via hierarchical
decomposition of the DVF.

II. GENERATION OF HANDWRITING DVF BY 2D
WARPING

We deal with the problem of optimal matching between
a pair of input and target images in grayscale.

Here, we denote input and target images by F = { f(r) }
and G = { g(r) }, respectively, where r = (x, y)t, (1 ≤
x ≤ M, 1 ≤ y ≤ N), is a loci vector in a 2D image plane,
and f(r) and g(r) denote grayscale values at r.

To generate handwriting deformation vector field (DVF)
between F and G we have to solve the problem of de-
termining a vector mapping function τ(r) that specifies a
pointwise correspondence between f(r) and g(τ(r)). As a
result, a deformation vector d(r) for F at r is defined by

d(r) ≡ τ(r) − r. (1)

The objective function Ψ(τ | F ,G) for determining an
optimal mapping function τ(r) is as follows.

Ψ(τ | F ,G) =
∑

r
{|f(r) − g(τ(r))| +

‖∇f(r) −∇g(τ(r))‖} −→ min for τ. (2)

To solve this optimization problem we adopt DP-based
piecewise linear 2D warping (PL2DW) method [6]. It is to
be noted that dynamic programming (DP) guarantees global
optimization of 2D warping.
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Fig. 1 shows two typical versions of 2D warping. Fig. 1(b)
corresponds to the above-mentioned PL2DW.

(a) (b)

Figure 1. Typical versions of 2D warping. (a) Approximate “rubber sheet”.
(b) PL2DW.

In Fig. 1(a), the mappings of 4-adjacent pixels are
mutually constrained by monotonicity and continuity that
approximates ideal “rubber-sheet” matching. However, the
optimization of this version is an NP-hard problem. On the
other hand, Fig. 1(b) has been proposed as computationally
tractable version of Fig. 1(a) by piecewise linear approxima-
tion. Namely, each column of F is fitted to G as a broken
line with one corner, called pivot. As a result, the pointwise
correspondence between F and G can be determined by
linear interpolation except for the pivot and boundary.

PL2DW can compensate for fully two-dimensional defor-
mation although it adopts piecewise linear approximation.
In this sense, PL2DW is considered a very powerful tool
for generating the handwriting DVF. Conversely speaking,
PL2DW is likely to suffer from excessive, unnatural match-
ing.

III. HIERARCHICAL DECOMPOSITION OF DVF BY

GLOBAL/LOCAL AFFINE TRANSFORMATION

In this section we introduce hierarchical decomposition of
the handwriting DVF by a parametric deformation model of
global/local affine transformation and propose to accept only
low-order deformation components as natural, within-class
handwriting deformation.

A. Extraction of global affine transformation component
from DVF

The aim of extracting global affine transformation compo-
nent from DVF is to approximate the DVF by optimal affine
parameters as closely as possible. Here, we denote global
affine transformation by a 2 × 2 matrix, A, representing
rotation, scale-change, and shearing, and a 2D translation
vector b:

A =
(

a00 a01

a10 a11

)
, b =

(
b0

b1

)
. (3)

Next, we introduce the objective function Φ(A, b) to
determine optimal affine parameters given by

Φ(A, b) =
∑

r
‖ d(r) − (A r + b − r) ‖2

=
∑

r
‖ τ(r) − (A r + b) ‖2

−→ min for A and b. (4)

By setting the derivatives of Φ(A, b) with respect to each
of six unknown parameters, a00, a01, a10, a11, b0, and b1,
equal to zero, we obtain six simultaneous linear equations.
We can solve these simultaneous linear equations by con-
ventional techniques such as Gaussian elimination [7].

We know that the optimization problem of Eq. (4) is
exactly equivalent to the least-squares criterion and its
solution is easy-to-follow.

Here, we denote the determined optimal affine transfor-
mation by AGAT and bGAT.

Then, the decomposition of the DVF is given by

d(r) = (AGAT r + bGAT − r) +
(τ(r) − (AGAT r + bGAT))

= dGAT(r) + d̃0(r), (5)

where d̃0(r) represents the residual component of the DVF
after the optimal global affine transformation.

B. Expansion of residual DVF by local affine transformation

The expansion of the residual DVF by local affine trans-
formation is given by

d(r) = dGAT(r) +
K∑

k=1

dLAT
k (r) + d̃K(r),

dLAT
k (r) = sk(r) − sk−1(r),
sk(r) = Ak(r) sk−1(r) + bk(r),
s0(r) = AGAT r + bGAT, (6)

where d̃K(r) denotes the residual component of the DVF
after global affine transformation and a set of the subsequent
K local affine transformations.

The objective function for determining the kth local affine
transformation is given as follows.

Φ(Ak(r), bk(r) | θk) =
∑

r′ wk−1(r′|r) ×∥∥∥ d̃k−1(r′) − (Ak(r)sk−1(r′) + bk(r) − sk−1(r′))
∥∥∥2

−→ min for Ak(r), bk(r) for 1 ≤ k ≤ K,

wk−1(r′|r) = exp

(
−‖ sk−1(r′) − sk−1(r) ‖2

2θ2
k

)
. (7)

By introducing a Gaussian window function wk−1(r′|r)
around the point of sk−1(r), optimal Ak(r) and bk(r)
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are determined to approximate the residual DVF in the
neighborhood of sk−1(r) as closely as possible.

In particular, the parameter θk specifies the spread of the
Gaussian window function around sk−1(r), and controls the
stiffness of matching by local affine transformation. Namely,
the smaller the value of θk is, the softer the matching by
local affine transformation is.

Now, we propose to decompose the DVF into a series
of deformation components using successive local affine
transformations with decreasing window sizes given by

θk =
θ1

2k−1
for k = 1, 2, . . . ,K. (8)

Actually, we consider that the window size is no less than
one. Hence, by setting the value of θ1 at 2p, we obtain a
total of (p + 1) (= K) window sizes.

Finally, it is to be noted that the optimization problem of
Eq. (7) can also be easily solved according to the weighted
least-squares method.

Fig. 2 illustrates a hierarchical decomposition of a defor-
mation vector.

Figure 2. Hierarchical decomposition of a deformation vector.

C. Determination of natural handwriting deformation via
DVF decomposition

Pointwise correspondence by 2D warping is subject to
excessive matching due to rather loose constraints and a
kind of too straightforward optimization. As a result, a naive
2D warping absorbs not only within-class but also between-
class handwriting deformation, and deteriorates recognition
accuracy.

From the above viewpoint, we propose to accept only low-
order components of DVF decomposition as natural, within-
class handwriting deformation.

According to the DVF decomposition formula of Eq. (6)
we can generate the kth-order deformation-absorbed input
image, F ∗

k = { f∗
k (r) }, given by

f∗
k (sk(r)) ≡ f(r) (0 ≤ k ≤ K). (9)

Then, we can determine the optimum order k̂ that ab-
sorbs only natural, within-class handwriting deformation for
maximizing the recognition accuracy.

IV. EXPERIMENTAL RESULTS

We use the handwritten numeral database IPTP
CDROM1B [8]. This database contains binary images of
handwritten digits divided into two groups of 17,985 samples
for training and 17,916 samples for test.

As preprocessing, position and size normalization is con-
ducted using 1st and 2nd moments. After being transformed
into grayscale images by mean filtering, all images are
downsized to 40 × 60 pixels. Hence, we have M = 40 and
N = 60 in the notation used in Section II.

On the other hand, we generate a single target image per
digit by averaging each category’s training samples.

Then, we generate the DVF between each of 17,916 test
samples and each target image by PL2DW featuring one
pivot on each column with a warp range of 15 pixels.

Each DVF is decomposed into the series of deformation
components by hierarchical application of global/local affine
transformation. Here, we set the value of θ1 at 25, that
is, K = 6 in Eq. (8). As a result, we have a total of
seven deformation components extracted from the DVF: one
global affine transformation and six subsequent local affine
transformations.

Fig. 3 shows examples of hierarchical decomposition of
DVF.

(a) (b) (c) (d) (e) (f) (g)

Figure 3. Examples of hierarchical decomposition of DVF. (a) Input
images. (b) Global affine transformation. (c) - (e) Successive local affine
transformations with θ = 16, 8, and 4. (f) PL2DW. (g) Target images.

From Fig. 3, it is first found that PL2DW-superimposed
input images of Fig. 3(f) are likely to suffer from unnatural,
excessive matching between input and target images. This
is mainly because matching constraints are rather loose
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although the DP-based PL2DW itself guarantees global
optimization subject to those constraints. Also, it is clear that
global affine transformation cannot compensate for nonlinear
handwriting deformation as shown in Fig. 3(b). Furthermore,
it is important to note that the successive local affine
transformations should be interrupted at a moderately large
local window size, e.g. eight, in order to avoid excessive
matching.

As explained in Section III-C, we generate a total of seven
kinds of deformation-absorbed input images, {F ∗

k }(0 ≤
k ≤ 6) against each target image G.

Now, we conduct recognition experiments using
normalized cross-correlation values between GAT/LAT
deformation-absorbed input images and target images.

Fig. 4 shows relations between recognition rates and
absorption of global/local affine transformation components,
where LATk (1 ≤ k ≤ 6) specifies absorption of global
affine transformation and subsequent local affine transfor-
mation up to the kth order. Also, ORG and PL2DW stand
for correlation-based matching of original input images and
PL2DW-superimposed input images against target images,
respectively.

Figure 4. Relations between recognition rates and absorption of
global/local affine transformation components.

From Fig. 4, it is first found that the use of GAT/LAT
deformation-absorbed input images improves the recognition
accuracy by comparing GAT, LATk (1 ≤ k ≤ 6) with ORG.
It is secondly found that LAT3 maximizes the recognition
rate while PL2DW achieves no substantial improvement in
recognition accuracy due to excessive matching. This fact
means that the DVF components of global affine transfor-
mation and subsequent local affine transformation up to
the 3rd order represent natural, within-class handwriting
deformation and should be absorbed in matching to improve
recognition accuracy.

Also, it is to be noted that the optimum order k̂ that
absorbs only natural, within-class handwriting deformation
for maximizing the recognition accuracy is data-dependent.

From these results, we can say that the proposed method
provides a most effective, powerful means for improving
recognition accuracy by discriminating between natural,
within-class handwriting deformation and unnatural one.

V. CONCLUSION

It is very interesting and still challenging to extract,
describe, and evaluate handwriting deformation from not the
statistical but the deterministic viewpoint.

This paper proposed one powerful solution; DP-based 2D
warping generates the DVF between a pair of input and
target images as a global optimization problem, and the
successive global/local affine transformations decompose the
DVF into linear/nonlinear deformation components in a truly
parametric manner.

Experiments using the handwritten numeral database IPTP
CDROM1B showed that absorption of the DVF components
of global affine transformation and subsequent local affine
transformation up to the 3rd order substantially improved
recognition accuracy. We can say that the proposed method
provides a promising clue for discriminating natural defor-
mation components from unnatural ones.

Future work is to combine this deterministic method with
statistical techniques in a cooperative manner.
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