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Abstract

We present a new efficient algorithm for maximizing
energy functions with higher order potentials suitable
for MAP inference in discrete MRFs. Initially we relax
integer constraints on the problem and obtain potential
label assignments using higher-order (tensor) power
method. Then we utilise an ascent procedure similar
to the classic ICM algorithm to converge to a solution
meeting the original integer constraints.

1. Introduction

Many problems in computer vision and related fields
such as segmentation, denoising, 3D reconstruction or
graph matching can be reduced to performing inference
in Conditional Random Field (CRF) or Markov Ran-
dom Field (MRF) models. Conventionally pairwise po-
tentials are employed as in this case many efficient algo-
rithms for finding (approximate) Maximum a Posteriori
(MAP) solutions are available such as Belief Propaga-
tion (BP) [4], graph cuts [2] and tree reweighted mes-
sage passing [8]. Such models, however, have limited
flexibility and expressive power as they can only model
interactions between pairs variables.

Employing higher order potentials on the other hand
may allow to capture multiple interactions and better
model natural statistics of images. While it has been
shown that many vision tasks could benefit from the
use of such models [10, 15] they have not gained wide
acceptance because of difficulties with inference, both
obtaining good approximations and prohibitive compu-
tational costs.

A limited number of algorithms for inference in
higher order MRFs has been described to date. Among
these are extensions to BP to enable more efficient op-
timization of a particular class of energy functions with
higher order cliques [14]. Kohli et al. [7] extended
the graph cut approach to a different class of higher or-
der energies (P™ Potts models). Other approaches seek
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to address the problem by transforming higher order
MRFs to models with pairwise terms only and apply-
ing standard techniques [5, 9].

In this work we present a simple new algorithm for
maximizing energy functions with higher order poten-
tials suitable for MAP inference in discrete MRFs. In
contrast with most of the recent work our algorithm is
suitable for arbitrary graphs and does not rely on re-
stricting the class of admissible energy functions. Tasks
such as scene annotation can benefit from employing
graphs with arbitrary higher order potentials, for exam-
ple, in the CRF framework. In our approach we ini-
tially relax integer constraints on the problem, follow-
ing [12] and obtain potential label assignments using
higher-order (tensor) power method. Then we utilise an
ascent procedure similar to the classic iterated condi-
tional modes (ICM) [1] algorithm to converge to a solu-
tion meeting the original integer constraints.

2 Problem formulation

We can represent an energy function with discrete
states and third order potentials in the following form
(for probability densities this would require a log trans-
form), due to somewhat clumsy notation we do not con-
sider the general case until later:

E= E Hia;jb;kcmia$jbxk:c
ia;5bskc

ey

Here H;q, b1 represents the third order term describing
how well the label a at site ¢ agrees with the label b at
site 7 and label c at cite k. It can depend on other data
in the case of a CRF model or, for example, represent a
data independent smoothness constraint. If lower order
terms are required, they can be rolled up into H. We set
H;q.jb:kc = 0 if the three sites do not form a clique or
if different labels are assigned to the same site (e.g. if
1= jand a # b).

Now z is an indicator vector with an entry for each
permitted combination of sites and labels, such that
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T;q = 1 1if site ¢ is assigned label a and x;, = 0 oth-
erwise. Note that x has dimension nm where n is the
number of sites and m he number of labels for each site
(we assume that all sites have the same number of labels
without the loss of generality). There is a further con-
straint that each site can be given only one label. We
can then express the energy maximisation problem as
finding the vector Z,,; such that:

i‘opt = argmax Z Hia;jb;kcxiaijxkc ()
ia;jbskc
subject to the constraints on x outlined above:
3)

2 e {0, 13", Y mig=1

2.1 Tensor formalism

The above problem can be naturally formulated in
the language of tensors. While more conceptual defini-
tions are available here we take a tensor of order IV to
be an M; x My X --- x My dimensional N-way ar-
ray. For example, a scalar is a tensor of order zero, a
vector is a tensor of order one and a matrix is a tensor
of order two. An order [NV supersummetric tensor is a an
N-way array whose elements are invariant under any
permutation of their indices. We can see that H in (1)
is a supersymmetric tensor of order three with entries
Hia;jb;kc

Following [6] we define the n-mode matrix unfold-
ing, 7, of an My x My x --- X My tensor 7 of
order N with entries 7;, ,. i, is defined as the M,, x
MiMs...M,_1 M, ... My matrix whose columns
are the M, -dimensional vectors obtained from 7 by
varying the index in dimension n and keeping the other
indices fixed. It can be seen that for a supersymmet-
ric tensor 7 all n-mode matrix unfoldings are equal,
Ty =T = =Ty

We can now rewrite the equation (1) as:

F= JITH(l)(I ® ) (4)

where ® denotes the Kroenecker product, which for two
n dimensional vectors a and b is defined as an n2? dimen-
sional vector:

alb

CLQb

a®b= ©)

anb

In the new notation we can formulate the general op-
timization problem as:

(6)

Zopt = argmax xTH(l)(aj QI - Q)
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subject to constraints in (3).

2.2 Higher order power method

To make finding a solution to the integer optimisa-
tion problem (8) feasible we relax the constraints im-
posed on z in (3), replacing them with:

x €R™ |zl =1 @)

We can obtain z satisfying the relaxed constraints as
follows:

®)

Trel = argmax
xT

In the case of the second order energy function the
above expression becomes the well known Rayleigh
quotient which is maximized by the leading eigenvec-
tor of H.

Algorithm 1 Power method
Require: Square matrix H

1: Initialize = at random.
2: repeat
33 1z« Hx
4 T o
=l
5: until convergence

Output: Vector x

The power method is a simple algorithm for com-
puting the leading eigenvector of a matrix. This algo-
rithm efficiently converges to the leading eigenvector of
the input matrix provided there is a sufficient gap be-
tween its largest and second largest eigenvalues. If H
is sparse each iteration of the power method algorithm
requires only O(k) operations, where k is the number
of non-zero elements in 1.

To find the maximum of the general higher order en-
ergy function in (8) we apply a generalization of the
power method suggested in [11], initially for computing
low rank approximations of a supersymmetric tensor .
This algorithm was also recently used in [3].

While this algorithm is not guaranteed not reach a
global maximum, it converges to a local maximum [6]
for tensors which result in convex functions of = . Ex-
perimentally it converges almost always to a good solu-
tion.



Algorithm 2 Higher order power method (HOPM)
Require: Supersymmetric tensor H.

1: Initialize 2 at random.

2: repeat

3 r—Hprer®- - @)
4 T — ﬁ

5

: until convergence

Output: Vector x

If the entries of H are all positive the resulting so-
Iution vector will have only positive values. This will
allow us to interpret the entries of x as the degree of
confidence of a particular label assignment.

2.3 Enforcing integer constraints

Once we have obtained a solution to the optimiza-
tion problem (8) with relaxed constraints, we still need
to discretize the vector x respecting the original con-
straints (3). To do so while also improving the quality
of the label assignments we propose a modification of
the higher order power method which is also closely re-
lated the classical ICM algorithm [1] for MRF inference
(see [13] for another recent extension of ICM).

Algorithm 3 Discretising the initial solution (ICM)
Require: Supersymmetric tensor .

1: Initialize z using HOPM (algorithm 2).
2.y — m(x)

3 S —y"Hy(y®y® - ®y)

4: repeat

5: x<—7r(H(1)(y®y®~--®y))
6 S—i"THyHEer® - @)
7. if S > S* then

8 S*— S, y—u=z

9:  end if

until S < S*

[

0:

Output: Vector y

It essentially replaces the step 4 in the algorithm 2,
T — ﬁ, which is a projection to the unit sphere, with
a projection to the solution set defined by (3). Such a
projection can be defined as follows:

m(z) = argmaxy’ Hy(z ® ... ) 9)
Yy

where y is a discrete vector satisfying (3). In our case it
amounts to setting v;, as follows dor each site ::
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1, a = argmax x;
b (10)
0, otherwise

Yia =

The proposed algorithm is a modification of ICM
where the updates are performed in parallel rather than
sequentially. It can be thought of as a series of inde-
pendent labeling problems where the next solution is
found based o the current one. In our experiments the
algorithm converged after several iterations, offering
a considerable improvement over the straight forward
discretisation of the output of the higher order power
method.

2.4 Mixing different order potentials

When dealing with energy functions of mixed order,
one solution is to include the all the information into the
tensor of the highest order potential. It can be easier,
however, to employ the following simple extension of
the algorithm 2:

Algorithm 4 Higher order (mixed) power method
Require: Tensors H and 7, matrix K.

1: Initialize x at random.

2: repeat

3 v HpEererer)+Ju)(r®r)+ K
4 x — ﬁ

5

. until convergence

Output: Vector x

It is also straight forward to modify algorithm 3 to
use in this setting.

3. Experiments

We evaluated our algorithm against loopy belief
propagation (max product) which is a standard algo-
rithm for MAP estimation. Evaluation was performed
using randomly generated third order energy functions,
controlling the degree of connectedness and the num-
ber of labels. We generated the structure by assign-
ing a group of sites to the same clique with a certain
probability pejique. Next we randomly grouped the sites
into a number of disjoint sets. For cliques of connected
sites (4, 4, k), and the uniform random variable p, we set
Hiajvike = —log(p), p € [€, 1] with probability pg and
Hiq jv;ke = 0 otherwise. If @ = b = ¢ = 1 and the sites
@, j, k) are in the same set we have py = 0.4, otherwise
po = 0.2. This forces the third order potentials between
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Figure 1. Average scores of HOPM and BP normalized by the score of HOPM+ICM over 50 experiments for
different probabilities of click generation. On the left results for third order 50 site energy function with 3 labels
and on the right for a third order 50 site energy function with 10 labels.

correct” labels for connected sites in the same set to be
on larger on average than the other potentials.

In Figure 1. we report the energies for the HOPM
and BP normalized by the energies for HOPM+ICM for
graphs of varying density. We see that HOPM+ICM
reliably outperforms BP and that the ICM discritiza-
tion step further improves performance. HOPM exper-
iments used naive discretisation equivalent to a single
iteration of ICM.

4. Conclusion

We have presented an efficient algorithm which
approximates arbitrary higher order energy functions.
Our experiments show that the proposed approach reli-
ably outperforms standard loopy belief propagation and
demonstrate the effectiveness of the proposed discreti-
sation procedure. Future work may include modifying
the basic algorithm to deal with condinuous or ordered
lables.
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